ABSTRACT. Bounded R -monoids form a large subclass of the class of residuated lattices which contains certain of algebras of fuzzy and intuitionistic logics, such as GMV -algebras (= pseudo-MV -algebras), pseudo-BL-algebras and Heyting algebras. Moreover, GMV -algebras and pseudo-BL-algebras can be recognized as special kinds of pseudo-MV -effect algebras and pseudo-weak MV -effect algebras, i.e., as algebras of some quantum logics. In the paper, bipartite, local and perfect R -monoids are investigated and it is shown that every good perfect R -monoid has a state (= an analogue of probability measure).
Introduction
The class of residuated lattices (which need not be commutative) and some of its important subclasses have been recently intensively investigated. For instance, the classes of GM V -algebras ( [25] ) ( = pseudo M V -algebras ( [18] )), pseudo BL-algebras ( [7, 8] ) and Heyting algebras ( [1] ) can be viewed as classes of residuated lattices. Recall that GM V -algebras can be taken as an algebraic semantics of the non-commutative infinite valued Lukasiewicz logic ( [23] ), and at the same time, they can be recognized ( [16] ) as an important class of lattice pseudo-effect algebras (called pseudo-M V effect algebras with the condition (Ex) in [34] ). Further, pseudo BL-algebras and Heyting algebras are algebraic counterparts of the pseudo basic logic and the intuitionistic logic, respectively.
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Moreover, from the point of view of quantum structures, pseudo BL-algebras satisfying a simple condition (W) can be recognized as pseudo-weak M V -effect algebras with the condition (Ex) ( [34] ). Bounded residuated lattice ordered monoids (R -monoids) form a large proper subclass of the class of residuated lattices which contains all pseudo BL-algebras and consequently, all GM V -algebras (and then also the mentioned equivalent quantum structures) as well as all Heyting algebras.
By a crucial result in the theory of GM V -algebras [10] , every GM V -algebra is precisely an interval of an appropriate unital -group. Hence a state, i.e. an analogue of probability measure, on a GM V -algebra M was defined ( [9] ) as the restriction of any positive group homomorphism of the corresponding -group G M into R. It generalizes the notion of a state on an M V -algebra ( [21, 24] ).
However, the group addition which makes it possible to introduce states on GM V -algebras, has no analogue for more general R -monoids such as pseudo BL-algebras. Nevertheless, in [17] the notion of a so-called Bosbach state on a pseudo BL-algebras was introduced and it was proved that in the case of GM V -algebras, states and Bosbach states coincide. Bosbach states were generalized in [12, 13] for all bounded R -monoids. Recall that in contrast to bounded commutative R -monoids which have at least one state ( [12] ), there are noncommutative R -monoids that do not admit states ( [9] ). But it was shown that every linear pseudo BL-algebra ( [11] ), as well as every perfect GM V -algebra ( [6, 22] ), admits a state. (Note that the existence of states on perfect GM V -algebras was explicitly proved in [6] only for symmetric perfect GM V -algebras, but, by the results in [22] , it is true also for every perfect GM V -algebras.) Using the latter result, the authors [29] described a class of perfect bounded R -monoids having states.
Existence of states on an R -monoid M depends on the existence of filters of M which are maximal and normal. R -monoids possessing such filters are in the connection with bipartite R -monoids.
In the paper we characterize bipartite R -monoids by means of Boolean filters, describe local and perfect R -monoids and show that the GM V -algebra of regular elements of a good perfect R -monoid is perfect as well. Using connections between states on bounded R -monoids and states on GM V -algebras of their regular elements, we prove that every good perfect R -monoid has a (unique) state.
PERFECT RESIDUATED LATTICE ORDERED MONOIDS

Preliminaries
A bounded R -monoid is an algebra M = (M ; , ∨, ∧, →, , 0, 1) of type 2, 2, 2, 2, 2, 0, 0 satisfying the following conditions:
(i) (M ; , 1) is a monoid (need not be commutative).
(ii) (M ; ∨, ∧, 0, 1) is a bounded lattice.
Recall that the lattice (M ; ∨, ∧) is distributive and that bounded R -monoids form a variety of algebras of the indicated type. Moreover, the bounded R -monoids can be recognized as bounded integral generalized BL-algebras in the sense of [2] and [3] and hence it is possible to prove (see [13] ) that the operation distributes over the lattice operations ∨ and ∧.
In what follows, by an R -monoid we will mean a bounded R -monoid.
For any R -monoid M we define two unary operations (negations) − and ∼ on M such that x − := x → 0 and x ∼ := x 0 for every x ∈ M . Now we can characterize algebras of the above mentioned propositional logics in the class of R -monoids.
An R -monoid M is a) a pseudo BL-algebra if and only if M satisfies the identities of pre-linearity
b) a GM V -algebra (pseudo M V -algebra) if and only if M fulfils the identities
c) a Heyting algebra if and only if the operations and ∧ coincide on M .
The notion of a good R -monoid is a generalization of that of a good pseudo BL-algebra introduced in [19] .) Obviously, every GM V -algebra or every commutative R -monoid is good. Moreover (see also [14] ), if M 1 and M 2 are non-trivial GM V -algebras then their ordinal sum is a good R -monoid which is not a GM V -algebra. Let M be a good R -monoid. According to [14] , we define a binary operation ⊕ on M as follows:
JIŘÍ RACHŮNEK -DANAŠALOUNOVÁ
(Recall that by [32] , every good R -monoid fulfils the identity ( 
If, moreover, M is good then
Recall that normal filters of M are in a one-to-one correspondence with the congruences on M .
If M is an R -monoid and
It is possible to show that H ⊆ M is a filter of M iff H is a deductive system of M iff H satisfies (1) and for each x, y ∈ M
PERFECT RESIDUATED LATTICE ORDERED MONOIDS
Denote by F (M ) the complete lattice (with respect to the order by set in-
3. Bipartite R -monoids
If F is a proper subset of an R -monoid M , denote
and
Then there is y ∈ F such that x ≤ y − , and since F is a 
y ∈ F . The closedness of F ∪ F − on the remaining operations can be proved as in the preceding part. 
where F is a maximal and normal filter of M . If
proper Boolean filter of M and F be a maximal and normal filter
If M is an R -monoid, x ∈ M and n ∈ N, put x 0 = 1 and x n+1 = x n x. Let M be an R -monoid. Let us define ord(x), the order of an element x ∈ M , as follows: ord(x) is the least n ∈ N such that x n = 0; otherwise ord(x) = ∞. 
Remark 3.9º
If M is a local R -monoid, then by Theorem 3.8 and Lemma 3.2,
Let M be a local R -monoid. Then (1) M is perfect.
P r o o f. It follows from Proposition 3.3 and Theorem 3.11.
Perfect R -monoids and GM V -algebras
Note that in [22] and in [6] , for GM V -algebras, the dual notions to those as "the order of an element", "local R -monoid", etc., were used. Nevertheless, we will use the fact that the operation ⊕ and in GM V -algebras are mutually dual and that the dual algebra to any GM V -algebra is a GM V -algebra as well, and hence we will apply the terminology of R -monoids also for GM V -algebras. If M is a GM V -algebra, then M is called a perfect GM V -algebra, if it is perfect as a special case of a perfect R -monoid. This corresponds to the notion of a perfect pseudo M V -algebra introduced in [22] .
Let M be a GM V -algebra and x, y ∈ M . Denote ( [22] ) by ord(x) . = ord(y) the fact that ord(x) = ord(y) = ∞, or ord(x) < ∞ and ord(y) < ∞.
Ä ÑÑ 4.1º ([22]) If M is a local GM V -algebra and if it satisfies the condition ord(x)
.
Now, since it is easy to prove that each perfect GM V -algebra satisfies (N), we get the following proposition.
ÈÖÓÔÓ× Ø ÓÒ 4.2º ([22]) If M is a perfect GM V -algebra, then A(M ) is a normal filter of M .
Remark 4.3º If M is a perfect GM V -algebra, then by [22, Lemma 49], any elements x ∈ A(M ) and y ∈ A(M )
− are comparable and y ≤ x. Moreover, ([22,
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For any R -monoid M put
If M is a good R -monoid, then for every x, y ∈ M we have
) is a GM V -algebra, where the operations are the restrictions of the operations from M on M V (M ). Moreover, the order defined on M V (M ) in the same way as on a GM V -algebra coincides with the order on M V (M )
induced by the order on M .
Remark 4.5º
If we put for any elements x, y ∈ M V (M ) (as in a GM V -algebra), 
Ì ÓÖ Ñ 4.6º If M is a good perfect R -monoid, then the GM V -algebra
M V (M ) is perfect. P r o o f. First, let M be any good R -monoid. Let x ∈ A(M V (M )), but x / ∈ A(M ). Then x n = 0 for some n ∈ N, thus 0 = (x n ) −∼ = x MV · · · MV x n-times , hence x / ∈ A(M V (M )), a contradiction. That means A(M V (M )) ⊆ A(M ). Conversely, let y ∈ A(M ) ∩ M V (M ).
V (M ) ⊆ A(M V (M )). That means, if M is a good R -monoid, then A(M V (M )) = A(M ) ∩ M V (M ). Let now, moreover, M be local. Let us show that A(M V (M )) is a filter of M V (M ). Let x, y ∈ A(M V (M )). Then x, y ∈ A(M ), and since M is local, we get x y ∈ A(M ). Hence (x y)
n = 0 for every n ∈ N, and since (
Finally, let M be a perfect good R -monoid.
− .
JIŘÍ RACHŮNEK -DANAŠALOUNOVÁ
Therefore we have M V (M ) = A(M V (M )) ∪ A(M V (M ))
− , and therefore M V (M ) is a perfect GM V -algebra.
Recall that a GM V -algebra M is symmetric ( [5, 6] ) if x − = x ∼ for every x ∈ M . (Symmetric GM V -algebras were also studied in [26, 27] under the name cyclic GM V -algebras.) Symmetric GM V -algebras form a variety S G M V of GM V -algebras that contains the variety M V of M V -algebras as a proper subvariety ( [29, 5] ) and, moreover, S G M V is not a cover of M V in the lattice of subvarieties of the variety of all GM V -algebras ( [5] ).
Perfect pseudo M V -algebras that are symmetric are called strong perfect pseudo M V -algebras in [22] . Note that GM V -algebras, which are called "perfect GM V -algebras" in [6] , are in fact strong perfect pseudo M V -algebras. We adopt the terminology of [22] , and therefore by a strong perfect GM V -algebra we mean a symmetric perfect pseudo M V -algebra. Now we generalize the notion of a symmetric GM V -algebra for R -monoids. 
Ì ÓÖ Ñ 4.8º If M is a symmetric perfect R -monoid, then A(M )
, and 
Remark 4.9º
The strong perfect GM V -algebras were investigated in [6] . If G is an arbitrary -group, then the lexicographical product Z × lex G of the linearly ordered additive group Z and the -group G is an -group with (1, 0) as a strong order unit. In [6, Proposition 5.2] it is proved that for every strong perfect GM V -algebra M there is a unique (up to isomorphism) -group G such that (1, 0) ). (In the sequel, we will again consider perfect GM V -algebras in the dual form, i.e. as particular cases of R -monoids with as the starting binary operation.) Example 4.10. Let M 1 and M 2 be non-trivial good perfect R -monoids (e.g.
GM V -algebras) and M
is a unique maximal filter of M . That means, M is a good perfect R -monoid which is not a GM V -algebra.
Remark 4.11º
If M is a symmetric perfect R -monoid, then by Theorem 4.8, Let M be a good R -monoid. For any x ∈ M and n ∈ N put 1 · x = x and (n + 1)
have u n = 0, for any n ∈ N, thus by Lemmas 2.2 and 4.12,
for any n ∈ N, hence u − ∈ Infinit(M ) and therefore also z ∈ Infinit(M ). That
States on perfect R -monoids
Now, we will recall the notions of states on GM V -algebras and on R -monoids which are analogues of probability measures.
Let M be a GM V -algebra. According to [10, 9] , we define a partial addition + on M as follows: If x, y ∈ M then x + y exists iff x ≤ y ∼ , and in such the case, x + y := x ⊕ y. It is obvious that x + y exists iff y ≤ x − iff y x = 0. In [9] Dvurečenskij introduced a state on M as a mapping
, whenever x + y is defined.
Let now M be an R -monoid. Inspired by Georgescu [17] , a Bosbach state on M was defined in [14] Georgescu [17] showed that if M is a GM V -algebra then states (in the sense of Dvurečenskij) and Bosbach states on M coincide.
Another notion of a state, called a Riečan state (or a measure), was introduced by Riečan [33] for BL-algebras and by Georgescu [17] for pseudo BL-algebras. Riečan states were generalized in [15] for good bounded R -monoids.
Let M be a good R -monoid. Recall that the operation ⊕ on M is defined by x ⊕ y := (y In [15] it was proved that for good R -monoids the sets of Bosbach and Riečan states are identical. Consequently, in the case of GM V -algebras all notions of states, Bosbach states and Riečan states coincide. Hence we will call them (for good R -monoids, as well as for GM V -algebras) simply states.
If Conversely, if M is perfect, then by Theorem 3.11 and Corollary 5.5, M is bipartite, and hence by Theorem 3.7, M contains a proper Boolean filter.
